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1. Introduction
In this paper, we will present examples of almost periodic functions using infinite
compositions of quadratic polynomials. In order to state the main result, we adopt the
following notations.
f (x) ◦ g(x) := f (g(x)) ,
N
R
n=mfn(x) := fm(x) ◦ fm+1(x) ◦ · · · ◦ fN−1(x) ◦ fN (x)
= fm(fm+1(· · · fN−1(fN(x)) · · · ) .
The infinite compositionR∞n=1 fn(x) is defined to be the limit
lim
N→∞
N
R
n=1
fn(x) .
The trigonometric function cos x can be expressed by the infinite composition of qua-
dratic polynomials:
PROPOSITION 1.1. For any x ∈ C, we have
1
2
(cos(2x) − 1) =
( ∞
R
n=1
(
x + x
2
4n
))
◦ (−x2) .
Proposition 1.1 was proved in [6] and [8]. The convergence of infinite compositions
of entire functions have been investigated in [5], [6] ,[7], [8], and [9]. As a special case of
the main theorem of [8], we have the following:
PROPOSITION 1.2. Let {cn}∞n=1 be a sequence of complex numbers such that
∞∑
n=1
|cn|
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is convergent. Then the infinite composition
∞
R
n=1
(
x + cnx2
)
converges uniformly in every compact subset of C and is entire.
Infinite compositions of this form were studied in [1]. In this paper, we will prove the
following theorem.
THEOREM 1.3. Let {εn}∞n=1 be a sequence of nonnegative real numbers such that
∞∑
n=1
εn
is convergent and
εn+1 ≤ 4εn for any n ≥ 1 .
Then the entire function
Λ(x) :=
( ∞
R
n=1
(
x + x
2
4n + εn
))
◦ (−x2)
has the following property: For any integer N other than zero and any real number x, we
have
|Λ(x + Nπ) − Λ(x)| ≤ 2
∞∑
r=1+ord2N
εr
1 + εr/4r .
In the above theorem, the symbol ord2N is defined by N = d 2ord2N , where d is odd.
Theorem 1.3 shows that the function Λ(x) is an almost periodic function in the sense of
H. Bohr (see [2], [3], and [4]). A set E ⊂ R is said to be relatively dense if there exists a
positive real number L > 0 such that
{x ∈ E | a ≤ x ≤ a + L} = ∅
for any a ∈ R. Let f (x) be a complex valued continuous function defined on R. Then the
function f (x) is called almost periodic if for any ε > 0 the set
{t ∈ R | sup
x∈R
|f (x + t) − f (x)| < ε}
is relatively dense.
It follows from Theorem 1.3 that for any ε > 0, there exists a positive integer n = n(ε)
such that
{t ∈ R | sup
x∈R
|Λ(x + t) − Λ(x)| < ε} ⊃ 2nπZ = {2nπm | m ∈ Z} .
Therefore we have the following:
COROLLARY 1.4. The function Λ(x) in Theorem 1.3 is an almost periodic function.
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2. Proof of Theorem 1.3
We denote by [a, b] the closed interval {x ∈ R | a ≤ x ≤ b}. Let {cr}∞r=1 and {c′r}∞r=1
be sequences of positive real numbers such that
(2.1) 1
4cr+1
− 1
cr
≤ 0 , 1
4c′r+1
− 1
c′r
≤ 0 , cr ≤ c′r
for any r ≥ 1. Let
Ir =
[
− 1
cr
, 0
]
, Jr =
[
− 1
4cr
, 0
]
, I ′r =
[
− 1
c′r
, 0
]
.
We remark that
I ′r ⊂ Ir
holds for any r ≥ 1. Let N,n be positive integers with N ≥ n. We set
Ψn,N(x) =
N
R
r=n(x + crx
2) , Φn,N (x) =
N
R
r=n(x + c
′
rx
2) .
For convenience we set
ΨN+1,N (x) = x, ΦN+1,N (x) = x .
Although the following lemma is proved in [1], we repeat the proof for the sake of
completeness.
LEMMA 2.1. Let N,n be positive integers with N ≥ n > 1. Then
Ψn,N (IN ) ⊂ In−1 , Φn,N
(
I ′N
) ⊂ I ′n−1 .
Proof. Consider the quadratic polynomial
ϕn(x) = x + cnx2 .
It is then easy to see that
ϕn(In) = Jn .
We remark that the first condition of (2.1) is equivalent to the inclusion
Jr+1 ⊂ Ir
for all r ≥ 1. We prove the lemma by induction on N . If N = n then,
Ψn,N (IN) = ϕn(In) = Jn ⊂ In−1 .
Next suppose that Ψn,N (IN) ⊂ In−1. Then
Ψn,N+1 (IN+1) = Ψn,N(x) ◦ ϕN+1(IN+1)
= Ψn,N(JN+1)
⊂ Ψn,N(IN)
⊂ In−1 (by the inductive assumption) .
The inclusion Φn,N
(
I ′N
) ⊂ I ′n−1 can be proved quite similarly. 
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LEMMA 2.2. Let N,n be positive integers with N ≥ n ≥ 1. For any x, y ∈ IN , we
have ∣∣Ψn,N (x) − Ψn,N (y)∣∣ ≤ |x − y| .
Proof. From Lemma 2.1, we have
−1 ≤ 1 + 2cjΨj+1,N (x) ≤ 1
for x ∈ IN and j such that n ≤ j ≤ N . Using the chain rule of differentiation, we have
d
dx
Ψn,N (x) =
N∏
j=n
(
1 + 2cj Ψj+1,N (x)
)
.
It follows that
−1 ≤ d
dx
Ψn,N (x) ≤ 1
for any x ∈ IN . Hence the lemma follows from the mean value theorem. 
LEMMA 2.3. For any x ∈ C, we have( ∞
R
r=n
(
x + x
2
4r
))
◦ (−x2) = 4
n
8
(
cos
4x
2n
− 1
)
.
Proof. In [8] we proved that
∞
R
r=1
(
x + x
2
4r
)
= 1
2
(
cos
√−4x − 1
)
for any x ∈ C. From this it follows that
4n−1x ◦
( ∞
R
r=1
(
x + x
2
4r
))
◦ x
4n−1
= 4
n
8
(
cos
√−16x/4n − 1) .
Therefore it is sufficient to prove that
(2.2) 4n−1x ◦
( ∞
R
r=1
(
x + x
2
4r
))
◦ x
4n−1
= ∞R
r=n
(
x + x
2
4r
)
.
Using the trivial relation
4n−1x ◦ 41−nx = x ,
we find that
4n−1x ◦
(
N
R
r=1
(
x + x
2
4r
))
◦ x
4n−1
= NR
r=1
(
4n−1x ◦
(
x + x
2
4r
)
◦ x
4n−1
)
= NR
r=1
(
x + x
2
4r+n−1
)
= N+n−1R
r=n
(
x + x
2
4r
)
.
Taking the limit N → ∞, we have (2.2). This completes the proof. 
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Proof of Theorem 1.3. Let N be an integer with N ≥ n ≥ 1 and let x ∈ I ′N . From
the triangle inequality, we see that
|Ψn,N (x) − Φn,N(x)|
≤
∣∣∣((x + cnx2) − (x + c′nx2)
)
◦ Φn+1,N (x)
∣∣∣
+
∣∣∣(Ψn,n(x) ◦ (x + cn+1x2) − Ψn,n(x) ◦ (x + c′n+1x2)
)
◦ Φn+2,N (x)
∣∣∣
+
∣∣∣(Ψn,n+1(x) ◦ (x + cn+2x2) − Ψn,n+1(x) ◦ (x + c′n+2x2)
)
◦ Φn+3,N (x)
∣∣∣
+ · · ·
+
∣∣∣(Ψn,N−2(x) ◦ (x + cN−1x2) − Ψn,N−2(x) ◦ (x + c′N−1x2)
)
◦ ΦN,N (x)
∣∣∣
+
∣∣∣Ψn,N−1(x) ◦ (x + cNx2) − Ψn,N−1(x) ◦ (x + c′Nx2)
∣∣∣
= : H .
Let l be an integer with 1 ≤ l ≤ N − n. Then from Lemma 2.1 and the assumption
I ′n+l ⊂ In+l , we find that
(x + cn+lx2) ◦ Φn+l+1,N (x) ∈ In+l−1 ,
(x + c′n+lx2) ◦ Φn+l+1,N (x) ∈ In+l−1
for any x ∈ I ′N . Hence we can use Lemma 2.2 and obtain
H ≤
N∑
r=n
|cr − c′r ||Φr+1,N(x)|2
≤
N∑
r=n
|cr − c′r |
1
c′r2
(by Lemma 2.1) .
Therefore we conclude that
(2.3) |Ψn,N(x) − Φn,N(x)| ≤
N∑
r=n
|cr − c′r |
1
c′r2
for any x ∈ I ′N .
Suppose that εn ≥ 0, ∑∞n=1 εn is convergent and εn+1 ≤ 4εn for any n ≥ 1. If we set
cn = 14n + εn ,
then
1
4cn+1
− 1
cn
= εn+1
4
− εn ≤ 0 and cn = 14n + εn ≤
1
4n
.
Thus we can use Inequality (2.3) with cr = 1/(4r + εr), c′r = 1/4r . Hence for any x ∈
[−4N, 0] = [−1/c′N, 0], we obtain∣∣∣∣ NRr=n
(
x + crx2
)
− NR
r=n
(
x + x
2
4r
)∣∣∣∣ ≤
N∑
r=n
∣∣∣∣cr − 14r
∣∣∣∣ 42r =
N∑
r=n
εr
1 + εr/4r .
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Taking the limit N → ∞, we see that∣∣∣∣ ∞R
r=n(x + crx
2) − ∞R
r=n
(
x + x
2
4r
)∣∣∣∣ ≤
∞∑
r=n
εr
1 + εr/4r
for any x ∈ R≤0. Hence for any x ∈ R,
(2.4)
∣∣∣∣
( ∞
R
r=n(x + crx
2)
)
◦ (−x2) −
( ∞
R
r=n
(
x + x
2
4r
))
◦ (−x2)
∣∣∣∣ ≤
∞∑
r=n
εr
1 + εr/4r .
For simplicity, let
Λn(x) =
( ∞
R
r=n(x + crx
2)
)
◦ (−x2) ,
Pn(x) = 4
n
8
(
cos
4x
2n
− 1
)
.
Then from Lemma 2.3 and (2.4), we find that
(2.5) |Λn(x) − Pn(x)| ≤
∞∑
r=n
εr
1 + εr/4r
holds for any x ∈ R. Since
Pn(x + 2n−1mπ) = Pn(x)
for any integer m, we deduce that
(2.6) |Λn(x + 2n−1mπ) − Pn(x)| ≤
∞∑
r=n
εr
1 + εr/4r
for any x ∈ R.
Now, it follows from Lemma 2.1 that
lim
N→∞
N
R
r=n
(
x + x
2
4r + εr
)
∈ In−1 = [−4n−1 − εn−1, 0]
for any x ∈ R≤0 and any n ≥ 2, that is, for any x ∈ R and any n ≥ 2,
(2.7) Λn(x) ∈ In−1 = [−4n−1 − εn−1, 0] .
We will prove that
|Λ1(x + 2n−1mπ) − Λ1(x)| ≤ |Λn(x + 2n−1mπ) − Λn(x)| .
If n = 1, then this inequality is trivial. Let n ≥ 2. Then noting (2.7) and Lemma 2.2, we
see that for any x ∈ R,
|Λ1(x+ 2n−1mπ) − Λ1(x)|
= |(x + c1x2) ◦ · · · ◦ (x + cn−1x2) ◦ Λn(x + 2n−1mπ)
−(x + c1x2) ◦ · · · ◦ (x + cn−1x2) ◦ Λn(x)|
≤ |Λn(x + 2n−1mπ) − Λn(x)| .
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It follows from (2.5) and (2.6) that
|Λn(x + 2n−1mπ) − Λn(x)| ≤ |Λn(x + 2n−1mπ) − Pn(x)| + |Pn(x) − Λn(x)|
≤ 2
∞∑
r=n
εr
1 + εr/4r .
Therefore for any integer N and any real number x, we have
|Λ1(x + Nπ) − Λ1(x)| ≤ 2
∞∑
r=1+ord2N
εr
1 + εr/4r .
This completes the proof. 
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